Improving the phase resolution of interferometry is crucial for high-precision measurements of various physical quantities. Systematic phase errors dominate the phase uncertainties in most realistic optical interferometers. Here we propose and experimentally demonstrate a weak measurement scheme to considerably suppress the phase uncertainties by the direct amplification of phase shift in optical interferometry. Given an initial ultra-small phase shift between orthogonal polarization states, we observe the phase amplification effect with a factor of 388. Our weak measurement scheme provides a practical approach to significantly improve the interferometric phase resolution, which is favorable for precision measurement applications.
I. INTRODUCTION
Interferometry is one of the most important metrology tools by transforming the measurements of various physical quantities into phase measurements. The precision of measurement highly depends on the phase resolution of interferometry. The phase resolution is limited by the uncertainty contributions of two parts, i.e., statistical phase errors and systematic phase errors. For a given sample size N , the statistical errors are described as the standard quantum limit, i.e., . Quantum-enhanced measurements as resource-efficient methods are often used to beat the standard quantum limit [1] [2] [3] [4] [5] . For instance, given a n-qubit entangled N 00N state
due to its characteristic of phase super-sensitivity [3] , the statistical errors can be decreased down to
In realistic optical interferometers, the systematic phase errors due to device imperfections often dominate the phase uncertainty, which cannot be reduced by averaging. For instance, the phase uncertainty of measuring the phase shift between two orthogonal polarization components is mainly attributed to alignment errors of polarization devices in interferometers. In such case, the phase uncertainty is bounded by
, which e is the polarization extinction ratio (PER) of polarization devices, since the minimal probability of projection measurement is at the order of 1 e . Therefore, to improve the phase resolution of optical interferometers reducing the contribution of the intrinsic phase errors is crucial.
We first analyze the interferometric phase uncertainty using single-qubit states. Considering the typical configuration of a realistic optical interferometer to measure a small initial phase, the detection probability at one out- * eidos@ustc.edu.cn † zhangjun@ustc.edu.cn put port of the interferometer can be calculated as
where φ is the phase to be measured, and ϕ is the systematic phase error due to device imperfections. Generally, ϕ can be described as a zero-mean random phase error following a Gaussian distribution e − ϕ 2 2ρ 2 with a standard deviation of ρ. Given a sample size of N , the total phase uncertainty is (see Eq. (A10) in Appendix A)
where the systematic phase errors and the statistical phase errors are related with the terms of ρ and 1 √ N , respectively, and ρ is often much larger than
for realistic optical interferometers. When using N 00N states instead of single-qubit states, the detection probability (p (N ) ) is then changed to
The total phase uncertainty in this scenario is
(see Eq. (A13) in Appendix A). However, preparing multi-qubit entangled states with large n is proven notoriously challenging. The largest number of entangled photons created so far is 10 [6, 7] in a probabilistic way, limiting the practical advantage of using N 00N states to improve the phase resolution. Weak measurement is a new quantum-mechanical approach to further suppress the phase uncertainty. The concept of weak measurement was discovered in 1980s [8] . So far diverse weak measurement schemes have been proposed for the applications of precise measurements due to the advantages of amplification effects [9] [10] [11] [12] [13] [14] , which can be used to effectively overcome the device imperfections. Experiments using weak measurement FIG. 1. Experimental setup. Focused laser pulses with a center wavelength of 785 nm pass through a set of attenuators to prepare the incident photon source, and the attenuated intensity of the source is less than one million photons per second. A polarizer is placed after the attenuator to prepare the initial polarization state of
(|H + |V ). An initial tiny phase is generated by the SBC between |H and |V . HWP1 is used to implement the unitary rotation U (α). Then the beam passes through a Sagnac-like interferometer with two tunable attenuators and two polarizers in two different paths. The angles of the polarizers are placed at |H and |V for the transmitted and reflected photons, respectively, in order to increase the polarization visibility. The tunable attenuators are used to balance the intensity in two paths. The two arms of the interferometer are separate with only 4 mm so that the stability of interferometer can be effectively guaranteed. A QWP set at the angle of π/4 and HWP2 are used to project polarization states to (|H + e iβ |V )/ √ 2, in which the modulated phase delay β is implemented by tuning the angle of HWP2. ATT: attenuator; Pol: polarizer; SBC: Soleil-Babinet Compensator; HWP: half-wave plate; QWP: quarter-wave plate; PBS: polarizing beam splitter; GL: GlanLaser Calcite Polarizer; APD: avalanche photodiode.
schemes have demonstrated to perform the precise measurements of certain quantities such as ultra-small transverse split [15] , beam deflection [16] , light chirality [17] and angular rotation [18] . Specifically, Brunner and Simon [19] proposed a scheme to convert the quantity of time delay to frequency shift using imaginary weakvalue amplification. Based on this scheme, Xu et al. [20] demonstrated to measure a time delay at the order of attosecond, corresponding to a phase resolution of a few mrad, using a commercial light-emitting diode and a spectrometer, and Salazar-Serrano et al. [21] implemented a sub-pulse-width time delay measurement as small as 22 femtoseconds using a femtosecond fiber laser. Recently, Qiu et al. [22] reported an approach to convert phase estimation to intensity measurement with imaginary weak-value amplification, showing a phase resolution ∼ 1 mrad.
II. SCHEME
In this Letter, we propose and experimentally demonstrate a new weak measurement scheme, in which the amplification of phase shifts in an interferometer can be directly implemented. The experimental results clearly show that the phase resolution of interferometer can be improved with 2∼3 orders of magnitudes besides the conventional techniques for phase stabilization.
In our weak measurement scheme, it is assumed that the input qubit state is
represents the horizontal (vertical) polarization state of photons, and φ is the initial phase shift to be measured. After passing a half-wave plate with a unitary rotation
where α = π/4 − ε and ε 1, the input state is transformed to cos α + e iφ sin α |H + − sin α + e iφ cos α |V . Then the final phase shift between |H and |V components is
where the function ang represents the phase angle of a complex value. In the case of φ 1 and φ/ε 1, the transformed polarization state is approximately equivalent to (|H + εe iφ 2ε |V )/ √ 1 + ε 2 , from which one can clearly find out that the relative phase shift is amplified. After passing through a polarizing beam splitter in the interferometer, this state can be written as (|H |0 +εe iφ 2ε |V |1 )/ √ 1 + ε 2 , where {|0 , |1 } represents the path degree of freedom in the interferometer.
Further, in order to suppress the phase uncertainty induced by the systematic phase errors and thus improve the phase resolution of interferometer with such transformed polarization state, it is still required to attenuate the intensity of |H component down to the same level as |V component. After the attenuation, the final qubit state is changed to
, with a successful probability of ∼ 2ε 2 . We note that attenuating the intensity of |H component is equivalent to project the path state to |f = (ε|0 + |1 ) / √ 1 + ε 2 . Due to the effect of phase shift amplification, the phase uncertainty of the interferometer is thus improved to (see Eq. (A16) in Appendix A)
Although the contribution of statistical phase errors is multiplied by √ 2, the contribution of systematic phase errors is drastically suppressed by a factor of 2ε. Therefore, with the help of weak measurement, the phase resolution of interferometer can be improved by a factor of . From the perspective of weak measurement, the path degree of freedom can be treated as a system, and the polarization degree of freedom can be treated as a qubit meter [23] . The coupling of the system and the meter is described by
where |L and |R are the eigenstates of Pauli matrix σ y , i.e.,
). This description can be rewritten as
where θ is the azimuth angle of the Bloch vector of the meter state and σ r = cos φ σ x + sin φ σ y . When φ 1 and φ/ε 1, θ is approximately equal to 2ε, which shows the weak interaction between the system and the meter. When the system is post-selected to the final state |f , the meter state can be read out. From Eq. 8, with weak interaction approximation e −iεσy⊗σ r ≈ 1 − iεσ y ⊗ σ r , the final meter state is
Since f |i is at the same order of ε, Eq. 9 cannot be transformed to exp[
σ r ]|H , as the standard formula of weak measurements [8] . Therefore, in our scheme there dose not exist a generally defined weak value. More importantly, the successful probability in our scheme (∼ 2ε
2 ) is twice as in the scenario with standard weak measurements given the same amplification factor (see Appendix B for details).
III. EXPERIMENT
We then perform an experiment to demonstrate the phase shift amplification based on our weak measurement scheme. The experimental setup is shown in Fig. 1 . A continuous wave laser with a center wavelength of 785 nm is attenuated down to single-photon level with a set of attenuators (ATT), and the polarization state of incident photons is prepared to
(|H + |V ) by a polarizer with PER of ∼ 10 4 : 1. The initial phase shift φ between |H and |V to be measured is produced by a SoleilBabinet Compensator (SBC) with a high-precision phase modulation step of 0.26 mrad. The SBC is a zero-order retarder that can be adjusted continuously.
The weak measurement part consists of two components, a half-wave plate (HWP1) that transforms the initial state
, and a Sagnac-like interferometer. |H and |V photons are separated into two different paths of the interferometer. Two polarizers are inserted into the transmitted and reflected paths to further improve the polarization visibility, respectively, and two attenuators are used to independently adjust the intensities of |H and |V photons. FIG. 2. Measured oscillation patterns without (squares) and with (circles) weak measurement. ε is set as 1.5 mrad, and φ is set as 1 mrad (a) and 5 mrad (b), respectively. By sinusoidally fitting the oscillation patterns in two cases (solid lines), the final phase shifts φ with weak measurement can be calculated, which are much larger than the initial phase shifts φ. Such phase amplification highly depends on the parameters of φ and ε.
At the output port of the interferometer, polarization projection measurements is performed using a quarterwave plate (QWP) set at 45
• , HWP2, a Glan-Laser Calcite Polarizer (GL) with high PER of ∼ 10 5 : 1, and a Silicon avalanche photodiode (APD). By tuning the angle of HWP2 to modulate the phase delay between |H and |V , oscillation patterns are scanned, and thus the phase shifts between the oscillation patterns can be directly measured.
In the experiment, all the HWPs and polarizers are mounted on stepper electric motors, whose minimal rotation angles can reach as low as 0.52 mrad. Fig. 2 shows the measured polarization oscillation patterns by tuning the angle of HWP2 with a phase delay step of 1
• , and the phase shifts between the oscillation patterns are calculated using the sinusoidal fitting curves. The polarization visibility degradation as shown in Fig. 2 is mainly due to the operations of intensity balance. With ε = 1.5 mrad, the final phase shifts φ reach 347 mrad, 1023 mrad under the settings of φ = 1 mrad, φ = 5 mrad, respectively, which clearly exhibits the phase amplification effect due to weak measurement. The phase amplification gain highly depends on the parameters of φ and ε. We note that without phase amplification the original phase resolution of the interferometer in the experiment using standard linear optics devices is around 10 mrad, which is limited by the PER of GL.
Further, we investigate the quantitative relationships of three parameters, i.e., initial phase shift φ, rotation angle of deviation ε and final phase shift φ . The measured results are plotted in Fig. 3. Fig. 3(a) shows the relationship between φ and φ with different settings of ε. The theoretical fitting curves are calculated according to Eq. 5. φ increases with the increase of φ, and with a fixed value of φ rotation angles that are closer to π/4 result in larger phase shift amplification. Fig. 3 (b) shows the relationship between φ and ε with different settings of φ. φ decreases with the increase of ε, and with a fixed value of ε larger initial phase shifts result in larger final phase shifts. Particularly, the slopes of phase amplification are steep in the regime of small ε, but become flat when ε > 5 mrad. From Fig. 3 , one can find out that using weak measurement the phase resolution can be improved to 0.26 mrad at least for the interferometer, since in the experiment the initial phase shift cannot be generated smaller than 0.26 mrad due to the limit of SBC adjustment. This result is already significantly better than the original phase resolution of the interferometer without weak measurement. Nevertheless, in principle smaller values of φ can be resolved with our method, since the phase amplification gain is considerably high in the regime of small angles of ε. For instance, with φ = 0.26 mrad and ε = 1.5 mrad, the final phase shift φ reaches 101 mrad, corresponding to a phase amplification gain of more than 388.
IV. DISCUSSION
Our weak measurement scheme is compatible with the conventional approaches for phase resolution improvement in optical interferometry, especially the technique of signal proceeding, which makes it possible to perform extremely small phase measurement. For instance, an original phase shift measurement of 10 −7 rad with the lock-in amplifier in an optical interferometer was reported [24] . By using the phase shifter device in that experiment instead of the SBC in our experiment and performing signal proceeding as usual, the phase amplification effect in our scheme may yield further enhancement in the phase sensitivity by 2∼3 orders of magnitudes so that to bring the measurement precision of phase shift to the level of 10
rad. Furthermore, our weak measurement scheme can also be adapted for N 00N states to achieve better phase resolution. For instance, one can prepare N 00N states
(|H ⊗n +|V ⊗n ) as input to the SBC instead of singlephoton states, after projecting n − 1 photonic qubits to
(|H ± |V ) as implemented in the previous N 00N state experiments [25] [26] [27] and performing the same uni- tary rotation and post-selection operation on the nth qubit as required in our weak measurement scheme, the final phase shift can be amplified to nφ 2ε . The total phase uncertainty in such case is (see Eq. (A19) in Appendix A)
Compared to Eq. 2, one can conclude that weak measurement scheme with N 00N states can not only significantly decrease the systematic phase uncertainty but also suppress the statistical phase uncertainty and particularly beat the standard quantum limit when n > 2.
V. SUMMARY
In summary, we have proposed and experimentally demonstrated direct phase shift amplification in optical interferometry with weak measurement, which drastically improves the phase shift amplification with a factor of 388. Since phase measurement is a fundamental metrology tool, such weak measurement scheme can provide a new approach for the precision measurement applications of various physical quantities including observation of weak cross-Kerr nonlinearity [10, 28] and test of general relativity with quantum interference [29] .
APPENDIX A: PHASE UNCERTAINTY IN INTERFEROMETRY WITH SYSTEMATIC ERROR
Considering a phase measurement in a realistic interferometer, without loss of generality it is assumed that the systematic phase error ϕ is a zero-mean value following a Gaussian distribution,
where ρ is the standard derivation. The detection probability at one output port of the interferometer is
where φ is the phase to be measured. Given a certain fixed phase error ϕ, the sample size interval is N ϕ = N ·D (ϕ) δϕ. For a large total sample size N , the variance of estimated probability p ϕ in each sample interval can be calculated as
where p ϕ = p. From Eq. A3, the mean values of p and p 2 during the whole sampling process can be further calculated as
respectively. Combining Eq. A4 and Eq. A5, the variance of p is
Since ρ 1 and ϕ is a small quantity in the integrals, therefore, one can consider only the terms of ϕ and ϕ 2 with the following approximations
According to Eq. A7, Eq. A6 can be simplified with approximations as
Combining Eq. A2 and Eq. A8, the phase uncertainty is calculated as ∆φ = dφ dp
Due to the existence of phase errors, the theoretically maximum estimated probability is 1 − 1 N . From Eq. A2, one can calculate the minimum measurable phase by sin 2 φ = 4 N . Therefore, the phase uncertainty in a realistic interferometer can be roughly estimated as
Further, one can calculate the phase uncertainty in the following cases, i.e., using N 00N state, using single-qubit state with weak measurement and using N 00N state with weak measurement. N 00N state. With a sample size m satisfying n · m = N , the detection probability at one output port of an interferometer is
The mean value and the variance of estimated probability in each sampling interval are
respectively. Therefore, the phase uncertainty using N 00N states in a realistic interferometer is
Single-qubit state with weak measurement. As described in the text, in such case the detection probability at one output port of an interferometer is
with a sample size of 2ε 2 N . Then, the mean value and the variance of estimated probability in each sampling interval are
respectively. Therefore, the phase uncertainty using single-qubit states with weak measurement in a realistic interferometer is
N 00N state with weak measurement. As described in the text, in such case the detection probability at one output port of an interferometer is
with a sample size of 
respectively. Therefore, the phase uncertainty using N 00N states with weak measurement in a realistic interferometer is ∆φ = 2 ε 2 ρ 2 n 2 + 1 2nN
.
APPENDIX B: PHASE AMPLIFICATION SCHEME WITH STANDARD WEAK MEASUREMENTS
In this scheme, the polarization degree of freedom can be treated as a system, and the path degree of freedom can be treated as a qubit meter. In the upper path of the interferometer, a tiny phase shift φ is induced between |H and |V . The postselection is set to the almost orthogonal state of the incident polarization states. The tunable phase delay in the path is used to measure the oscillation patterns.
As shown in Fig. 4 , the initial system and meter state are |i = (|0 + |1 ), respectively, where the |0 and |1 are labels of the upper and lower paths of Mach-Zehnder interferometer. Given a tiny phase shift φ between |H and |V in the path |0 to be measured, the system-meter composite state is 
where φ 1 shows the weak interaction. Then, the system state is post-selected to the almost orthogonal final state |f = sin(π/4+ε)|H −cos(π/4+ε)|V (ε 1) in both paths. When φ/ε 1, the final meter state is approximately
where the weak value is A W ≡ f |σz|i f |i ≈ 1 ε and the successful probability is | f |i | 2 ≈ ε 2 .
